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ABSTRACT
A formulation of D=10 superparticle dynamics is given that contain space-time and twistor
variables. The set of constraints is entirely first class, and gauge conditions may be imposed that
reduces the system to a Casalbuoni-Brink-Schwarz superparticle, a spinning particle or a twistor
particle.
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In reference [1], Sorokin, Tkach, Volkov and Zheltukhin established the equivalence between
the Casalbuoni-Brink-Schwarz (CBS) superparticle [2] and the spinning particle in D = 10 [3].
Their formulation, that has led to progress in the understanding of the fermionic symmetries [4,5]
of supersymmetric particles [6,7], introduced a “twistor-like” variable λα, a bosonic spinor. In this
note, I will show that by making this spinor dynamical one can formulate a dynamical system that
contains the CBS superparticle and the spinning particle as well as the division algebra twistor
formulation of the superparticle [8,9] as special gauge choices. Unlike in reference [1], there is no
manifest world-line supersymmetry. It is not impossible, though, that this constraint structure
will arise from a manifest N = 8 world-line superconformally symmetric treatment based on S7
[10,11,12]. The present framework is rather reminiscent of that in reference [13].
The literature on the supersymmetric point particle and its (covariant) first quantization is
vast. The list of references only contains items of immediate interest for the issues addresses here,
and I apologize for leaving out many important contributions. The content of this note is by no
means revolutionary, but it is probably the simplest way of establishing the equivalence of the
different forms of superparticle dynamics.
The phase space variables are (Xµ, Pµ), parametrizing Minkowski phase space, (ϑα, pα), the
fermionic variables (spinors) of the CBS superparticle, (λα, ωα), the twistor variables, and ξ
µ, the
fermionic vector of the twistor particle or spinning particle. Their Poisson brackets are
{Xµ, P ν} = ηµν , {ϑα, pβ} = δ
α
β ,
{λα, ωβ} = δ
α
β , {ξ
µ, ξν} = −ηµν .
(1)
For this set of variables, I postulate the constraints
Πµ ≡ Pµ − 1
2
(λγµλ) ≈ 0 ,
piα ≡ pα + Pµ(γ
µϑ)α + ξµ(γ
µλ)α ≈ 0 ,
Tα ≡ 1
2
(λγµλ)(γ
µω)α − λα(λω)− 1
2
ξµξν(γ
µνλ)α ≈ 0 ,
t ≡ 1
2
(λγµλ)ξ
µ ≈ 0 .
(2)
The first constraint states the twistor transformation of the particle momentum, and implies its
lightlikeness. The second one is the usual set of fermionic constraints for the superparticle, modified
with the last term which makes it first class. The last two constraints are the S7 (Hopf map)
generators [9,11] of the twistor string and its fermionic companion. They have a second order
(covariant) bosonic reducibility, that reduces the number of independent T ’s to 7. The whole
set of constraints can be seen as defining the “twistor transform” between the different forms of
superparticle dynamics.
The non-vanishing Poisson brackets between constraints are
{piα, piβ} = 2γµαβΠ
µ ,
{Tα, piβ} = −2δ
α
β t ,
{Tα, T β} = −λαT β + λβTα = 1
48
γαβµνρ(λγ
µνρT ) ,
{Tα, t} = −λαt .
(3)
and one notices that Π and pi generate an ordinary D=10 supersymmetry algebra, that has now
become a gauge symmetry.
It is now straightforward to partially fix the gauge in different ways to arrive at the various
advertised formulations:
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i. Use Π to eliminate (X,P ) and pi to eliminate (ϑ, p). This gives the twistor formulation.
ii. Use T and Π (except P 2=0) to eliminate (λ, ω) and t and part of pi to eliminate ξ. This
gives the CBS superparticle (the fermionic second class constraints arise via Dirac brackets
when the whole of pi is retained).
iii. Use T and Π (except P 2 =0) to eliminate (λ, ω) and pi to eliminate (ϑ, p). This gives the
spinning particle.
There is of course classes of formulations not reached through this procedure. These are the
models of reference [7], where the twistor variables are multicomponent [14], and not of the simple
division algebra type, and the ones using harmonic variables [15].
It is likely that this work has a connection to a not yet formulated N = 8 supersymmetric
formalism based on S7. It is also plausible that extended supersymmetric field theories in D=10
may be given an off-shell symmetric formulation using the set of variables of this note.
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